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aximization of 3 variables function on
nit sphere

rkaay Alt 4
et a,b,c be positive real numbers. Find

M::max{ayz+bzm+c:cy|x,y,z€Randm2+y2+z2=1}.

olution. In case a = b = ¢ the problem becomes trivial because

Z (9E - yz 95 Z =
and, therefore, M = 1, then for further, due symmetry, assuming a < b we
vill consider the following problem:
Find maximal value of ¢ € RT such that inequality
z? + % + 22 > 2t (ayz + b2z + cry) =
— 224+ 9? 4+ 22 — 2t (ayz + bzz + cxy) > 0 (1)

holds for any z,y, 2 € R. Let

F(z,y,2,t) == 2> + y* + 2* — 2t (ayz + bzz + cay) .

Then by completing perfect square with respect to z we obtain

F(z,y,2,t) =

= (z—t(ay + bz))* + (1 —a®t?) y® — 2yxt (c+ abt) + (1 — v*t?) z?
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Since

h(z,y,t) ==

= F(z,y,t(ay + bz),t) = (1 - a*t?) y? — 2yzt (c+abt) + (1 — b*t?) 22 >0

1
then t < 2. Indeed, if t = 3 then

1 2
h(a:,O,—) = <1—b—2>m2<0
a a

for any = # 0 because b > a and that is contradiction. If ¢ > L then
h(z,y,t) <0 for any z,y > 0. E
Hence t < z <= 1—a?t? > 0 and, therefore, h (z,y,t) > 0 for

any x,y > 0 iff

D (t) := t? (c + abt)® — (1 — a®?) (1 — b*t?) =

= 2abet® + (a®> + 0>+ 2)t* —1<0

that is iff ¢ < t, where t, is unique positive root of equation
P{t,a,b¢c) = 2abet® + (a2 S LT 02) 2-1=0

(because D (0) = —1,D (3_1_

2abc
[0,00) ).
Thus, t, is maximal value of ¢ € RT such that inequality (1) holds for any
z,y,z € R and for z,y, z such that 22 + y? + 22 = 1 we obtain inequality

) > 0 and D (t) strictly increases on

. 1
ayz + bzx + cxy < —. (2)
2t

Since

1 — a?t?

2
h(z,y,t) = (1 i a2t2) <y - M)

2abet3 + (a®> + B2+ )2 -1,
1 — a?t? e
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then
F(»’U,y»Z,t*) =
: 5.3 abt? +ct,  \’
*
with equality iff
. abt? + ct, TR
A a2t2 77
abt? + ct, bt. + act?

where z can be obtained from equation

2 2 2\ 2
.2 | 2 2 abty + ct bt + act;
-+ -+ =1 < 1 e - =1 <<
" c . < +( 1—a2t2 + 1 — a?t2

= o2 ((1-a?8)” + (abt +ct.) + (bt + act?)’) = (1-a*2)"

22 (1-a22) (3 -2 (a2 + 1+ ) = (1—a®?)? <= 22° (1 +abct,) =

1 — a?t?
] — Pt ey g2
e % 2 (1 + abety)

1
Thus, M = e as attainable upper bound for ayz + bzz + cxy.

*
As application of obtained result we consider the following problems:

Problem 1. Let A, B,C be angles of some non obtuse triangle. Find

max{yzcosA+zxcosB+wycosC | z,y,z € R and 2?2 +y¥+ 22 = 1}.

Solution. Let (a,b,c) = (cos A, cos B,cosC) . Since

cos? A+ cos? B+ cos?C +2cos Acos BeosC = 1
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then
2abet® + (a® + 6% + ) £ — 1 = 2abet® + (a® + b2 + ) 12—
— (2abe + a® + % + ¢%) = 2abe (° — 1) + (a® + 8% + A) (2 -1) =

= (t — 1) (2abe ( +t +1) + (a® +0* + &) (¢ + 1))

and, therefore,

2abet® + (a® + 0% + ) t? —1<0 = t<1
(because for any ¢ > 0 holds 2abe (¢ +t + 1) + (a? + b +¢2) (¢ +1) > 0).

1
Hence, t« = 1 and yzcos A + zz cos B + zy cos C' < 3 with condition of
_b+ac
S log ¢
equality _ab+c r ,where a = cos A,b = cos B, c = cos C.
1—a?
?+y?+22=1

‘We have

b r b 2
PP+l =1 e o2 <1+(1+—Z§) +(a—+—c> )=1 =

4abe + b2 + % — 242 + a? (a2+b2'+c2)+1 9 2(abc+1) ,
= 5 i =1 <~ ] 5 I
) (1-a?) l-a

1—a?
=leoal=s —
¥ 2 (abc+1)

because

4abc+b2+02—2a2+a2(a2+b2+02)+1:

= dabc +1 - 2abc — 3a® + 0 (1 — 2abc) + 1 =2 (1 — a?) (abc + 1).

Hence,

3 b+ ac 2. 2 _ (ac + b)?
1— a2 2(1—-a?) (abc+1)’
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s f(ab+c 2.332_ (ab—|~c)2
T \1—a? T 2(1—a?) (abc+1)

1
: {yzcosA+za:cosB+:cycosC’ | z,y,z € R and 2+l +22= 1} it

N =

yzcosA+zmcosB+zycosC =

oblem 2. Find

M:=max{yz+za:+2:cy | z,y,z € R and :1:2—}—3,124—22 = 1}
ation 1. Since P (t,1,1,2) = 4¢% + 6t — 1 and

-1
62 —1<0 — (2t+1) (22 +2t—1) <0 £ i< ‘/52
3-1 1 1
‘t*=\/_ and yz+zx+2wy_§t—= \/§2+ .
*

lution 2. (direct, using completing square procedure )

F(z,y,2,1) = 2?4y + 22 — 2t (yz + 2z + 22Y) =
=22 -2(z+y)z+ (a:2 — dtzy +4°) =
=(z—t(m+y))2+(m2—4ta:y+y2) _ 2 (z+y)’=
—(z—t(z+y)?+2* (1—¢°) —otzy (t+2)+ 92 (1—17)

F(z,y,z+y,1) = —6zy <0

‘&'y>0 and for t > 1 we have

Fz,y,z +y,t) = 2* (1 —t°) —otry(t+2)+y2(1—1) <0
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if zy > 0 then ¢ € (0,1) and 2 (1 — t2) — 2tzy (t + 2) + 12 (1—¢%) >0 for
any =,y iff

1
yz+zx+2xy§2—(a:2+y2+z2) = —
T

2
2?(1-7%) —2ray(r+2) + 4y (1-72) =22 | 1— (‘/3—1) 4

2
({25
Vv3-1

2

Hence, F (z,y,z+y,7)=0iffz =y, 2 =
2 +y? 422 = 1,that is iff

(z+y) = (\/g—l)ma,nd

2m2+(\/§—1)2$2:,2\/§(\/§—1)x2:1 = :v2:. 1

and, therefore,

22— 2_3+\/§ 2o (\/5_1)2 3++3 3—\/§.

12233 . 118
Forz =y = 3+ \/3 \/_weobtam
3 = 3
yz+z:c+2xy:¢ ":2\/3_\/3 6\/§ L. +\/§:

1 3 3 3+1
=§\/§+ +6\/_=\/_2+ -
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lution 3.(Using inequalities)

Yz + 22 + 2zy =

=2(y+2z)+20y <2/2@2+22) + ¥ +2? =2v/2(1—22) +1- 2~

Let 2 := cost,t € [0,7/2]. Then

1 1
2/2(1 - 22) +1 — 2% = V2costsint +sin’t = —=sin2t + - —

V2 2
26 1 1 1 1 3+1
—00; =§+§(\/§Sin2t—0052t)§§+§-\/§sin(2t—<p)§ \/—;_
(where ¢ = arcsin L) Since sin (2t =1 = t= T+ % then equalit
Y= 73 p)= =479 q VA

in inequality

V3+1
2

. T P 3 — \/§ 1 1
- (_ _) == e o
occurs 1 Z = COS + B = 6 y and ."B =y= 12 \/g + because

2
2 =1— 3-V3 =
V 6

yz+zx+2zy <
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Indeed,

-9 -
6 6 36 3

\/3+\/6 f)\/é)Q 3+v6 3-+6 9—6 33—\
6 | 6 i 2]

and, therefore,

™ -3 -3
=

Solution 4.(without trig) Consecutively using inequality
a+b</2(a? +b?) and Cauchy inequality we obtain

Yz+zz+2ry =2z (y+ o)+ 22y < 2/2 12+ 22) + % + 22 =

1
=2v2(1-22)+1-2>=2 z2—z4+<§—z2>+

< \/(\@)2+12-\/(\/z2——z4)2+ (3- )

=¢§.\/<m)2+(é_22)2+%: 1+3

2

[

with equality iff z = y = +v/1 — 22 and

224 1 3—-v3
- Z———22<=>z=:i: V3

V2 2 B 2

Remark. By the same way we can find

max {a (yz + zx) + 2bzy | z,y,2 € R and x2+y2+z2:1}_

Indeed, we have
a(yz + 2x) + 2bzy = az (y + z) + 2bzy < az/2 (y2 + 22) + b (v +2?) =

=azy/2(1—-22)+b(1-22).



Maximization of 3 variables function on unit sphere 151

2:=cost,t € [0,7/2]. Then

azy/2 (1 — 22) + b (1 — 2%) = av/2costsint + bsin’t = %sin2t+

; 2 2
b bcos2 =é+<ism2t—g—c082t>§9+ a_+b_=

2 2 " \V2 27 V2 "1
b+ +V2a? 4 b2
= o,

b+ v2a?% + b2
{a(yz+zx)+2bmy|a¢,y,z€R andx2+y2+z2:1}:L—2aL

, without using trigonometry, but applying Cauchy inequality:

2
\/52 ; 2 1 KT 1
a
= ol M 2. v e | ot ™ - =
<b (b>+1 \/(z z)+<2 z)+2
" /202 + b? 1.1 _ b+ +v2a? + 02
S b2 2 24 7

DY 4
i =l—z2 = (2a2+b2)z4—(2a2+b2)z2+%a2:0®

a2 2

az\/2(1—z2)+b(1—z2)=b<%§-\/z2—z4+l-(%—zQ)—}—l) <

o 222+ b7 +b0v2a2+ 02 b+ V2a2 + D2
B 2 (2a2 + b2) 2V2a+ 02
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